Incoherent scattering of photons off two remote atoms with a Λ-level structure is used as a basic Young-type interferometer to herald long-lived entanglement of an arbitrary degree. The degree of entanglement, as measured by the concurrence, is found to be tunable by two easily accessible experimental parameters. An estimate of the variation of the degree of entanglement due to uncertainties in an experimental realization is given.
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Quantum interference [1] and entanglement [2] are two of the most stunning consequences of quantum mechanics. Although these phenomena are usually studied separately, both have quantum parallelism as a common origin: Quantum interference deal with the coherent superposition of multiple quantum paths, typically for a single system, while entanglement is inherent to the nonseparable character of linear superpositions in the multipartite case. This common origin leads to the possibility of constructing tight links between both phenomena. For example, Jakob and Bergou [3, 4] derived a relation between the entanglement of two qubits and the visibility of the interference pattern generated by one of the qubits in a Ramsey-type interferometer. Another way to link these two properties is to couple interfering quantum paths to remote physical systems. With this ansatz, Scholak et al. [5] showed that the interference pattern of a single photon probing two spatially separated atomic systems can witness their mutual entanglement.
With a similar approach, by detecting the interference pattern of scattered photons, it is also possible to create entanglement among the particles [6, 7, 8, 9, 10, 11, 12, 13, 14] . Hereby, the atoms may be separated by arbitrary distances, as there is no need for a particle interaction. This should be contrasted with other schemes entangling massive particles, which require some kind of interaction, be it Coulomb-like [15, 16, 17, 18] or mediated by photons [19, 20, 21, 22, 23] . Furthermore, at variance with photon entanglement, usually achieved by parametric down conversion [24, 25] , the entanglement of electronic ground states of atoms can be preserved over long periods of time [17, 18] . This may prove to be useful for diverse applications in quantum communication and quantum computation [2] , where long-lived entanglement plays a crucial role.
In this paper, we present a proposal involving a simple scheme to operationally tune the amount of long-lived entanglement present in two remote atomic qubits. We will demonstrate that our scheme allows to create heralded entangled states, where the degree of entanglement between the atomic qubits can be tuned at will. The exact value is determined by adjusting two easily accessible experimental parameters, namely the position of two photodetectors and the relative orientation of two polarizers.
The proposed setup is based on a Young-type interferometer realized by two localized atoms [26] with an internal Λ-level structure (see Fig. 1 ). The atoms, representing the double-slit of the interferometer, are excited by a laser pulse and subsequently scatter photons in their deexcitation process. Without loss of generality, we will assume that the upper state (denoted |e ) decays to the lower states (denoted |± ) by emitting a σ ∓ polarized photon, respectively. These photons are registered in the far field with photon detectors, which are additionally equipped with polarization filters in front of them. The far-field detection is a simple method to erase the which-way information of the photons propagating from the atoms to the detector. The atoms are projected by the measurement of the two photons into a given state, depending on the position of the detectors and the detected polarizations [13, 14] . For an arbitrary two-qubit pure state |ψ = a| + + + b| + − + c| − + + d| − − the concurrence reads
where |ψ = (σ y,A ⊗ σ y,B )|ψ , with σ y,X the usual σ y Pauli matrix of the qubit formed by the two lower states of atom X (X = A, B) [27] . Omitting proportionality factors, the detection of a photon scattered off two Λ-level atoms A and B, with a detector D i at position r i behind a polarization filter aligned along ε i , is described by the projection operator [28] 
where the sum runs over the two ground states |± . Here, d ±e is the dipole moment of the transition |e → |± and the phase difference δ( r i ) is given by
FIG. 1: Scheme of two atoms with internal Λ-level structures using two detectors in the far field with polarization filters in front to register the photons emitted by the atoms. The inset shows the same configuration using optical fibers.
where k is the wavenumber of the detected photon, R A,B is the position of the respective atom, and e( r i ) is the unit vector pointing from the atoms towards the detector D i at r i . Hereby, the far-field detection ensures that e( r i ) is identical for both atoms.
The far-field detection scheme provides for the loss of which-way information of the scattered photons. The same can be accomplished by using optical fibers guiding the photons from the atoms to the detectors [12, 29, 30] . In this case, the phase difference δ( r i ) is given by
where w A,B ( r i ) is the optical path length from the respective atom to the detector D i at position r i via the corresponding optical fiber (cf. Fig. 1 ). In this configuration the atoms can be separated by arbitrary distances, i.e., they are truly remote. By applying the operatorD 1 andD 2 to the initial double excited state of the two atoms, |ψ (i) Λ = |ee , we find the normalized atomic state after the detection of two photons to be
Here, the abbreviation ε i± = ε i · d ∓e is used, where without loss of generality we assume |ε i+ | 2 + |ε i− | 2 = 1, δ 21 is given by the phase difference
depending on the two detector positions r 1 and r 2 , and ζ is a normalization factor.
Using
where the parameter V 12 is given by
According to Eq. (7), the long-lived entanglement generated between the ground states of the two Λ-level atoms only depends on the relative phase δ 21 and on the relative orientation of the two polarization filters V 12 (see Fig. 2 ) [31] . In order to obtain a certain amount of entanglement between the two atoms, both parameters have to be tuned to suitable values and the excitation of the atoms has to be repeated until both detectors register a photon. By postselection we then know that the atomic pair contains exactly the desired amount of entanglement as described by Eq. (7). Taking a look at the extremal values of C with respect to δ 21 , we obtain
These expressions show that, depending on the value of V 12 , any amount of concurrence between
1−V12
1+V12 and 1 can be achieved. In particular, by choosing δ 21 to be an odd multiple of π, it is always possible to generate a state with maximal (unit) concurrence, independent of the explicit value of V 12 , i.e., independent of the relative orientation of the two polarization filters (see Fig. 2 ).
The extrema of the concurrence with respect to V 12 are given by
Thus, if the phase difference is not fixed to an odd multiple of π, it is always possible to use V 12 as a single parameter to tune the concurrence to any desired value. In particular, by choosing δ 21 an odd multiple of π/2, we find in Eq. (7) a linear relation between the concurrence and the parameter V 12 . In this case, when linear polarizers are used, by keeping one of them fixed and turning the other by a relative angle α, we are able to implement a fully tunable concurrence (0 < C < 1)
yielding an analog to the Malus' Law [32] . In its classical version, it says that the intensity of the same light beam passing consecutively through two linear polarizers is proportional to the square of the cosine of the relative angle between the polarizers. Here, we find that the concurrence, a measure characterizing the entanglement of two qubits, behaves in a similar way. Even though each of the two indistinguishable photons passes a different polarizer, the degree of entanglement generated between the atoms upon detection of the photons is determined by the relative angle between the two polarizers. This result can be seen as an operational implementation of a tunable measure of entanglement between matter qubits following a simple and intuitive law of classical optics. Note that the parameter V 12 intervenes also in the second order correlation function G (2) (δ 21 ), which is proportional to the measured signal. The second order correlation function reads [28] 
In this expression V 12 appears as the visibility of the G (2) (δ 21 )-function, revealing again the close relationship between quantum interference and entanglement.
In the following, we will give an estimate of the variation of the concurrence due to experimental uncertainties (see also [13, 14] ). The probability to detect a scattered photon is proportional to the solid angle subtended by the detector divided by 4π. By extending the detection area, the detection probability will increase, though the accumulated phase will be less well defined. Thus, there is a trade-off between the count rate of the scattered photons and the error in the concurrence generated in the final state. For estimating errors, we will assume identical rectangular detectors. Let α D be the azimuthal angular extension of each detector in direction of θ i , with θ i the azimuth angle between e( r i ) and the axis connecting the two atoms, and ϕ D the polar angle subtended by each detector perpendicular to the plane of α D . Then, for small α D , the probability to detect a randomly emitted photon with one of the two detectors can be approximated to
The count rate R of two-photon detection events is thus given by
where r is the repetition rate of the experiment. A factor of 2 appears since either detector, D 1 or D 2 , might register the first photon. The count rate is thus maximal if the condition for constructive interference of the second order correlation function G (2) (δ 21 ) is fulfilled, i.e., if δ 21 is an even multiple of π.
The uncertainty in the concurrence ∆C is defined by the difference in the concurrence of the density matrix of the state ρ (g) actually generated and the pure target state
∆C is essentially determined by the uncertainty in the orientation of the polarization filters ∆V and the uncertainty in the phase ∆δ 21 . With current experimental technology, ∆V can be suppressed to the order of 10 −10 [33] . Thus, ∆V is negligible compared to the uncertainty imposed by the phase and will be neglected in the following.
The uncertainty in the phase ∆δ 21 is governed by two contributions: the solid angle subtended by the detector (determined by α D and ϕ D ) and the finite confinement µ of the atoms in the trap. To calculate ρ (g) , we have to integrate over the whole relevant parameter space:
where w(δ 21 ) is a weight factor determined by the geometry of the setup and normalization. To minimize the deviation from the desired final state, we have to minimize ϕ D and α D , while θ i should be close to ] and all V. Within this parameter range, the fidelity of the final state ρ (g) always remains above 95 %, while for a repetition rate r of a few Mhz the count rate amounts to a few events per second. These estimates include a detector efficiency of about 30 % and a dark count rate of up to a few 100 Hz.
The protocol presented here is capable of producing heralded entangled states with a high fidelity. The count rate, on the other hand, is relatively low in the analysed case. Modifications in the setup concerning the detector shape and the number of detectors are possible, as well as the use of fibers or cavities to increase the detection probability of the scattered photons without curtailing the fidelity. These suggested modifications do not change the principal results of this paper, but they might contribute to a better implementation of the presented basic ideas.
In conclusion, we have shown that with a simple and realistic setup, it is possible to create heralded entanglement of any degree between two remote atoms with a Λ-type level structure. As the atoms are entangled by projective measurements requiring no atomic interaction, the atomic distances in a given experiment are arbitrary. In particular, instead of using a far-field measurement to erase the which-way information of photons, the use of optical fibers could provide a more practical approach to reach similar goals. We expect that our results inspire and stimulate further research in operational and realistic methods for the generation and measure of entanglement in different experimental contexts.
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